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Abstract. Homotopy 3-types can be modelled algebraically by Tamsamani's 
weak 3-groupoids as well as, in the path connected case, by cat 2 -groups. This 
paper gives a comparison between the two models in the path-connected case. 
This leads to two different semistrict algebraic models of connected 3-types 
using Tamsamani's model. Both are then related to Gray groupoids. 



1. Introduction 

The problem of modelling homotopy types is relevant to both homotopy theory 
and higher category theory. In homotopy theory various models exist for the 
path-connected case: the cat"-group model, introduced by Loday [14] and later 
developed in [4], [18] generalized the earlier work of Whitehead on crossed modules 
[24] ; another model was built by Carrasco and Cegarra [6] . 

In higher category theory, homotopy models serve as a "test" for a good definition 
of weak higher category, which should give a model of n-types in the weak n- 
groupoid case. This property has been proved in [22], [23] for the Tamsamani's 
model of weak n-categories. 

Tamsamani's model and cat n -groups are both multi-simplicial models but they 
have distinctly different features: the first is a strict but cubical higher categorical 
structure, the second is a weak and globular one. Yet they both encode (path- 
connected) n-types. Their differences as well as similarities stimulated our interest 
in searching for a direct comparison between the two. This paper solves the problem 
for the case n = 3; that is, for connected 3-types. 

As a result of this comparison we find a model of connected 3-types through a 
subcategory Ti of Tamsamani's weak 3-groupoids whose objects are not, in gen- 
eral, strict, but which are 'less weak' than the ones used by Tamsamani to model 
connected 3-types (Definition 5.1). Thus objects of H are 'semistrict' structures. 
Yet the subcategory H is not isomorphic to the category of Gray groupoids with 
one object (Remark 5.5). Thus our comparison yields a new semistrict model of 
connected 3-types and at the same time gives a refinement of Tamsamani's result 
in this case (Theorem 5.3 and Corollary 5.4). 

In a generic Tamsamani's weak 3-groupoid, there are two fixed directions in the 
3-simplicial set in which the Segal maps are equivalences rather than isomorphisms. 
In the semistrict model TL the Segal maps in one fixed direction between the two 
are isomorphisms. Choosing the other direction for the isomorphisms of the Segal 
maps leads to a different semistrict subcategory K, (Definition 6.3). It is then 
natural to ask whether K, constitutes another semistrict model of connected 3- 
types. The answer is positive (Theorem 6.4). Finally using simultaneously the 
semistrict models H. and /C, the connection with Gray groupoids (with one object) 
is established (Theorem 7.2). 
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The paper is organized as follows. In Section 2 we give a review of the definitions 
and main properties of the Tamsamani's model and of the cat 2 -group model which 
we are going to use. In Section 3 we prove a general fact about internal categories 
in categories of groups with operations. In Section 4 we specialize this to the 
case where C is the category Cat (Gp) of internal categories in groups. This yields 
Proposition 4.2, which is the key to the passage from a strict cubical structure to 
a weak globular one. Proposition 4.2 says that we can represent a connected 3- 
type, up to homotopy, through a cat 2 -group with the property that, as an internal 
category in Cat (Gp), its object of objects is projective in Cat (Gp). 

The form of the projective objects in Cat (Gp), known in the literature, allows 
one to associate to a cat 2 -group Q of the type above a bisimplicial group dsMG, 
which we call the discrete multinerve of Q. The discrete multinerve of Q has the 
following properties (Lemma 4.3). 

i) For each n > 0, {dsNQ) n ■ A op — > Gp is the nerve of an object of Cat (Gp). 

ii) (dsAfQ)o is a constant functor. 

iii) The Segal maps are weak equivalences of simplicial groups. 

Further, the classifying spaces of Q and of its discrete multinerve are weakly homo- 
topy equivalent. 

In general, we call a bisimplicial group with properties i), ii), iii), an internal 

2- nerve (Definition 4.4). We can think of an internal 2-nerve as a version of Tam- 
samani's weak 2-nerves internalized in the category of Groups. Proposition 4.2 
allows use of the discrete multinerve to define the functor discretization 

disc : Cat 2 (Gp)/~ -► 2>/~ 

from the localization of cat 2 -groups with respect to the weak equivalences to the 
localization of internal 2-nerves with respect to weak equivalences. As summarized 
in Proposition 4.5, the discretization functor preserves the homotopy type. 

In Section 4 we realize the passage from cat 2 -group to the semistrict subcategory 
H of Tamsamani's weak 3-groupoids (Theorem 5.3). As explained in the proof of 
Theorem 5.3, this is achieved by composing the functor disc with the functor 
N :V/ ~ — > H/~ ext induced by the nerve functor Gp — > Set. 

In this proof, and later in the paper, we use the fact that a morphism of weak 

3- groupoids is an external equivalence if and only if it induces a weak homotopy 
equivalence of classifying spaces; in one direction, this fact was proved in [22, Propo- 
sition 11.2]. However, the opposite direction of it does not seem to be stated ex- 
plicitly in the literature. In the Appendix we have provided a proof of this fact for 
the subcategory S of Tamsamani's weak 3-groupoids which we use in this paper. 

Section 6 considers a different semistrictification of Tamsamani's weak 3-groupoids 
for the path-connected case, through the subcategory JC (Definition 6.3 and The- 
orem 6.4). Our method uses a strictification functor from Tamsamani's weak 2- 
groupoids to Tamsamani's strict 2-groupoids (Definition 6.1). Section 6 is indepen- 
dent on the comparison with cat 2 -groups. However, in order to relate JC to Gray 
groupoids, the subcategory H. is used (Lemma 7.1). We then associate to objects 
of TL and JC, up to homotopy, a Gray groupoid (with one object) having the same 
homotopy type (Theorem 7.2). 
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2. Preliminaries. 

In this section we review the main definitions and properties of the Tamsamani 
model and of the cat 2 -group model. Useful references for these topics are [3], [4], 
[5], [14], [18], [22], [23]. 

Let A be the simplicial category; we denote by C A ° P the category of simplicial 

op A™° P 

objects in C, and by A™ the product of n copies of A op so that C is the 
category of n-simplicial objects in C. 

A 1 -nerve is a simplicial set which is the nerve of a small category. The category 
of 1-ncrves is isomorphic to Cat. A 2-nerve is a bisimplicial set <f> : A 2 "" — ► 
Set, such that each (\> m is a 1-nerve, po* is constant and the Segal maps <p w — ► 
0i*X0 o<i -"-X0 Ot 0i» are equivalences of categories. A morphism of 2-nerves is a 
morphism of the underlying bisimplicial sets. We denote by A/2 the category of 
Tamsamani's 2-nerves. 

For a 2-nerve (p, let T(p m be the set of isomorphisms classes of objects of the 
category corresponding to </>„*. Then the simplicial set T<p> : A op — > Set, T(p{[n}) = 
T<p w is a 1-nerve. 

A 2-nerve (pis a, weak 2-groupoid when each <fi n * and T<p are nerves of groupoids. 
We denote by T 2 the category of the weak 2-groupoids. A 2-nerve is a strict 2- 
groupoid if it is a weak 2-groupoid and all Segal maps are isomorphisms. We 
denote by 7^* the category of Tamsamani's strict 2-groupoids. 

Let 2-gpd be the category of 2-groupoids in the ordinary sense, that is the sub- 
category of the category 2- cat of those 2-categories whose cells of positive dimension 
are invertible. Hence 2-gpd is the category of groupoid objects in groupoids whose 
object of objects is discrete. By taking the nerve, we therefore have an isomorphism 

v : 2-gpd -^Tf. 

A morphism / : <j> — > p' of 2-nerves is an external equivalence if for all x, y € (po* 
the maps f( x ,y) '■ 4>(x.y) — > </>(/ x f y ) an d Tf are equivalences of categories. Recall 
that (p( x ,y) are "hom-categories" and 

U (f>(x,y) = ^1* 
x,ye4>a* 

A 3-nerve is a 3-simplicial set ip : A 3 ° P — > Set such that each ip([n],-, -) is a 2-nerve, 
V>([0],-,-) is constant and the Segal maps are external equivalences of 2-nerves. A 
morphism of 3-nerves is a morphism of the underlying 3-simplicial sets. 

For a 3-nerve ip, the bisimplicial set Tip is a 2-ncrve so we define T 2 ip = T(Ttp), 
which is a 1-nerve. A weak 3-groupoid is a 3-nerve ip such that each ip([n],-,-) is a 
weak 2-groupoid and T 2 ip is a groupoid. 

A morphism g : ip — > ip' of weak 3-groupoids is an external equivalence if for 
each x, y E ip([0],-,-) the map g( x , y ) ■ ^(x.k) — * ^{jx fy) IS an external equivalence 
of weak 2-groupoids and if T 2 ip is an equivalence of categories. We denote by T3 
the category of Tamsamani's weak 3-groupoids. A 3-nerve is a strict 3-groupoid if 
it is a weak 3-groupoid and all Segal maps are isomorphisms. 

Tamsamani showed ([22, Theorem 8.0]) that the homotopy category of 3-types 
is equivalent to the localization of T 3 with respect to external equivalences. Recall 
that a 3-type (resp. connected 3-type) is a topological space (resp. connected 
topological space) with trivial homotopy groups in dimension i > 3; we denote by 
Topi the category of connected 3-types. 

Since we are dealing in this paper with the path-connected case, we restrict 
our attention to the full subcategory S of T 3 consisting of those weak 3-groupoids 
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tp : A 3 "" — > Set satisfying the condition that the constant functor ip([0],-,-) : 
A op — > Set takes values in the one-element set. 

In fact, from the construction of the fundamental 3-groupoid functor II 3 : Top — > 
73 given in [22, Theorem 6.4] it is immediate that, when restricting to the subcat- 
egory Top„ C Top of path-connected topological spaces, one obtains a functor 
n 3 : Top* — > 5. Hence, in the path-connected case, Tamsamani's result becomes 

Theorem 2.1. [22] There is an equivalence of categories 

S/~ ext ~ Ho(Top^) 

In Section 7 we need some results relating Tamsamani's 2-nerves and bicate- 
gories, in order to construct a strictification functor from T 2 to In the following 
theorem, TV Bicat denotes the 2-category of bicategories, normal homomorphisms 
and oplax natural transformations with identity components (see [12]) 

Theorem 2.2. [12, Th. 7.2] There is a fully faithful 2-functor N : N Bicat -> M 2 
with a left 2-adjoint Bic. The counit BicN — ► 1 is invertible and each component 
u : X — > N BicX of the unit is a pointwise equivalence, and Uo,U\ are identities. 

We now turn to the cat 2 -group model. We begin by recalling some general 
notions. 

Given a category C with pullbacks, an internal category in C consists of a diagram 



Cix Co Ci C\ — ^* C 



where do,d\ are "source" and "target" maps, i is the "identity" map, c is the 
"composition" map. These data satisfy the axioms of a category; that is, the 
following identities hold, where 7r ,7ri : C\Xc a C\ — ► C\ are the two projections: 

dgi = lc = dii, d\ix\ — d\c, rfo^o = doc 



Id = , 1 , c(l Cl x Co c) =c(cx Co l Cl ). 





Given internal categories 4> an d 4>' 1 an internal functor F : <j> — > </>' consists of a 
pair of morphisms F : Co — > C , F\ : C\ — > C( satisfying the conditions: 

rfo^i - -Fodo, di-Fi = F d 1 

F 1 i = iF , F 1 c = c{F 1 x Fo F 1 ). 

Let CatC be the category of internal categories in C and internal functors. 

In this paper we use the category CatC in the case where C is a category of 
groups with operations in the sense of [16], [17]. Recall that this consists of a 
category of groups with a set of additional operations £1 = Oo U fii U f?2, where 
fli is the set of i-ary operations in f2j such that the group operations of identity, 
inverse and multiplication (denotes 0,+,-) are elements of Qq, fii, fl 2 respectively; 
it is Oo = {0} and certain compatibility conditions hold (see [16], [17]). Further, 
there is a set of identities which includes the groups laws. 

When C is a category of groups with operations, every object of CatC is an 
internal groupoid, as every arrow is invertible. 

An example of a category of groups with operations which will be important for 
us is the category Cat (Gp) of internal categories in the category of groups. The 
fact that this forms a category of groups with operations follows easily from its 
equivalence with cat 1 -groups. In fact, recall [14] that a cat 1 -group consists of a 
group G with two endomorphisms d,t : G — > G satisfying 

dt = t, td = d, [kcr d, kcr t] = 1. (1) 
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A morphism of cat 1 -groups (G, d, t) — ► (G', a", t') is a group homomorphism / : G — ► 
G' such that /rf = d'/, /i = t'f. The equivalence of Cat (Gp) with cat 1 -groups is 
realized by associating to an object of Cat (Gp) 

da 

CiXc Ci ► C\ \* Go 



the cat 1 -group (Ci,ido,id\) (see [14]). 

The category of cat 1 -groups is a category of groups with operations by setting 
Clo = {0}, ^i = {— } U {t, d}, CI2 = {+} and requiring the set of identities to com- 
prise the group laws and the identities (1). An alternative proof that Cat (Gp) is 
a category of groups with operations is found in [5], using the language of crossed 
modules. In particular, [5] contains a characterization of objects in the algebraic 
category Cat (Gp) which are projective with respect to the class of regular epimor- 
phisms. This characterization will be important in Section 4 and will be recalled 
explicitly there. 

When C = Cat (Gp) the category CatC is the category Cat (Cat (Gp)) of double 
categories internal to Groups. This is equivalent to the category of cat 2 -groups, 
originally introduced by Loday [14]. 

Recall that a cat 1 -group consists of a group G together with four endomorphisms 
U,d t :G^G i = 1,2 such that, for all 1 < i, j < 2 

diti — ti 7 tidi — di 

ditj — tjdij d^dj — djdi 7 t{tj — tjti 7 % ^ j 
[kerdi,kerti] = 1 

A morphism of cat 2 -groups (G,di,ti) — ► (G',c?-,i-) consists of a group homomor- 
phism / : G — * G' such that fdi — d'J , fU = t'J , 1 < i < 2. It is well known that 
the category of cat 2 -groups is isomorphic to the category Cat (Cat (Gp)). Because 
of this, when in this paper we talk about the category of cat 2 -groups, we always 
mean the category Cat (Cat (Gp)), which we denote by Cat 2 (Gp). 

Given an object Q of Cat (Cat (Gp)), by applying the nerve functor twice one 
obtains a bisimplicial group AfQ, called the multinerve of Q. The classifying space 
BQ of the cat 2 -group Q is, by definition, the classifying space of its multinerve. It 
can be shown [4] that BQ is a connected 3-type. 

A morphism of cat 2 -groups is a weak equivalence if it induces a weak homotopy 
equivalence of classifying spaces. 

In [4] a fundamental cat?' -group functor V : Top^ — > Cat 2 (Gp) is constructed. 
Further, it is shown in [4] that the functors B and V induce an equivalence of 
categories 

B-.9?^m ^ Ho(TopV):V (2) 

between the localization of cat 2 -groups with respect to weak equivalences and ho- 
motopy category of connected 3-types. 

Given a cat 2 -group Q it is shown in [4] that there is a zig-zag of weak equivalences 
in Cat 2 (Gp) between Q and VBQ. We denote by [-] : Cat 2 (Gp) -> Cat 2 (Gp)/~ 
the localization functor. Hence [Q] = [VBQ] for each Q G Cat 2 (Gp). In general, 
[Q] = \Q'\, if and only if there is a zig-zag of weak equivalences in Cat 2 (Gp) between 
Q and Q'. 

3. Internal categories in categories of groups with operations. 

In this section we prove a general fact about internal categories in a category C 
of groups with operations. We first recall some preliminary notions. 
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Internal categories in a category C of groups with operations are internal groupoids, 
and are equivalent to reflexive graphs 



Ci 



Co 



satisfying the condition [kerdojkercy = 1. 
There is a full and faithful nerve functor 



TV : Cat C 



which has a left adjoint V : C 



CatC given by 



do 



P(H.) : H 1 /d 2 (H 2 ) 



H . 



The unit of the adjunction u Hr : iJ„ — ► AfT>(H*) induces isomorphisms of homotopy 
groups TTi for i = 0, 1. We say that a map / in Cat C is a weak equivalence if TV/ is a 
weak equivalence in C A P ; that is, it induces isomorphisms of homotopy groups. We 
denote by Cat C/ <~ the localization of Cat C with respect to the weak equivalences 
and by [•] : CatC — ► CatC/^ the localization functor. 

The above notion of weak equivalence in C A ° P is part of the Quillen model 
category structure on simplicial objects in an algebraic category given in [19], [21]; 
in this model structure, if X* e C A ° P is cofibrant, then each X n is projective in C 
with respect to the class of regular epimorphisms (see [19]). 

Lemma 3.1. Let C be a category of groups with operations and let Q <G CatC. 
There exists <f)g £ CatC whose object of objects (f>o is projective in C and a weak 
equivalence ug : <pg — > Q in CatC. Further, given a morphism f : Q — > Q' in CatC, 
then there is a morphism (f)f : (f>g — > <j>gi making the following diagram commute 




(3) 



Let Q — > Q' — > Q" be morphisms in CatC. Then [4>ff \ = [</•/'][</>/] and [fad] = [id]. 

Proof. Let c : % — > TVS be a cofibrant replacement in C A ° P . We have a commuta- 
tive diagram in C A 

TVPc 



MVx 



NVNQ 



MQ. 



Since PTV = id, MVMQ = NQ and = id. Since iriATG = = iri\ for i > 1 and 
u x induces isomorphisms of 7To,7Ti, it follows that u x is a weak equivalence. Hence, 
in the diagram above, c, u x and u_\fg are weak equivalences. It follows that TVPc is 
a weak equivalence. Let <pg = Vx, then </> = {Vx)o — Xo is projective in C (since x 
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is cofibrant in C A P ) and Vc : Vx — ► <? is a weak equivalence in CatC. Let Vf be a 
cofibrant approximation of the map Aff, so that the following diagram commutes: 

v f 

X X 



AfQ —^L MQ'. 

Applying to this diagram the functor V, (3) follows, with (f>f = Vff, ug = Vc, 
ugi = Vc'. Let C A ° P be the full subcategory of C A °" whose objects ip are such 
that TTiip — for i > 1 and let i : C A ° P C A " P be the inclusion. Then the 
functor [}Vi : C A l" — > CatC/ ~ sends weak equivalences to isomorphisms. Given 

morphisms in CatC, Q — > Q' — > Q , let x — > x — > x be as above. Notice that 

X i X 

€ C<j and, by [21, p. 67-68 ] there is a right homotopy between Vfi f and 
VfiVf and between t^d and id. It follows from a general fact [8, Lemma 8.3.4] that 
[Vv rf ] = [Vu f ,][Vvf] and [Pu id ] = id, that is [<f, f , f ] = [<j> f .][<j> f ] and [fa] = [id]. □ 

4. The discretization functor. 

We are going to apply the result of Section 3 to the case where C = Cat (Gp) . 
In this case CatC is the category of cat 2 -groups and there is a classifying space 
functor B : Cat 2 (Gp)-groups — > Top„ obtained by composition 

C at 2 (Gp) Gp A2 ° P ^ Set A3 ° P ^ Set A ° P -±L Top,. 

Here J\f is the multinerve, Ner * is induced by the nerve functor Ner : Gp — > 
Set , diag is the multidiagonal and | • | is the geometric realization. 

Lemma 4.1. Let C = Cat (Gp) and let f : Q' — > Q be a weak equivalence in Cat (C). 
TTien £?/ is a weak homotopy equivalence. 

Proof. By hypothesis Aff induces isomorphisms of simplicial groups it {{AfQ') = 
Ki(AfG) i = 0,1, and therefore isomorphisms of groups 

^{MQ') q ,=^(Afg) q , 

for each q > 0, i = 0, 1. The map of simplicial spaces {B{AfQ') q , } — > {5(^5)^,} 
is therefore a levelwise weak equivalence, hence it induces a weak homotopy equiv- 
alence of classifying spaces. Since BQ' is weakly homotopy equivalent to the clas- 
sifying space of {B(AfQ') q ,}, and similarly for Q, the result follows. □ 
Given a cat 2 -group Xi we denote by \o £ Cat (Gp) the object of objects of the 
internal category in Cat (Gp) corresponding to x- From Lemma 3.1 and Lemma 
4.1 we immediately deduce the following proposition. 

Proposition 4.2. Let Q e Cat 2 (Gp). There exists <fi G Cat 2 (Gp) with (j>o projec- 
tive in Cat (Gp) such that B<j> is weakly homotopy equivalent to BQ. 

Projective objects in Cat (Gp) have been characterized in [5]; they have the form: 

do _ 

0o : F x >J F 2 d \ F 2 



where j : Fx — > F 2 is a normal inclusion, Fx, F 2 , F 2 /j(Fx) are free groups, do(x, y) 
y, dx{x,y) = j(x)y, i(z) = (l,z) and F 2 acts on Fx by x y = j(x)yj(x- 1 ). 
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Let 4>q denote the discrete internal category 

id 



= F 2 / ] {F 1 ) _^ F 2 /j(F 1 ). 

' id 

If qo : F 2 — > F\/j{F\) is the quotient map and <?i : i*\ x i<2 — > F 2 /j(Fi) i s defined 
by <?i(x, y) = qo{y), then (as easily checked) the map d = (qi,qo) ■ 4>o — > <$j i s a wea k 
equivalence in Cat (Gp). Since F 2 /j(Fi) is free, go has a section (/ : F 2 /j(F\) — > i*2, 
(/o<Zo = i^- If « : -F2 — > Fi x i*2 is the inclusion, the map t : (ig , g ) : </>q — > O is also 
a weak equivalence in Cat (Gp) and dt = id. 

Let 4> £ Cat 2 (Gp) with </>o is projective in C. Let 0g, rf, £ be as above and let 
Ner : Cat (Gp) -> Gp A ° P be the nerve functor; the multinerve of 0, as a simplicial 
object in Gp A " has 

[7Ver0iX7Ver0 o • • • XNer^Nercpx p>0. 

Let do, d\ : Nercpi — > Nercfto and Co : Nerfig — > Ner (pi be face and degeneracy 
maps and let d : Nerfo — > NercpQ and i : NercpQ — * Ner<p be induced by the 
weak equivalences d : </>o — > </>q and i : </>q — > 0o • 

We construct a bisimplicial group, which we call the discrete multinerve of (j), 
denoted dsN(j>, as follows. As an object of (Gp A ) A °" it is given by 

(iVer$j p = 0, 

[iVer^iXjVer^o - " 'XNer4, Q Ner4> 1 p > 0. 

The face and degeneracy operators are ddo, dd\ : {dsN<j))i — ► {dsM(j>)o, <r t : 
(dsAf(f>)o — > (dsAf(f>)i. All other faces and degeneracy operators are as in N<f>. 
Since — id, it is straightforward to check that dsAf(f> is a simplicial object in 
Gp A ° P . 

Notice that Afcj) depends on the choice of the section t. However since F 2 = 
F\ xF 2 /j(F\), two different choices of section lead to isomorphic bisimplicial groups. 
The following Lemma describes the properties of the discrete multinerve. 

Lemma 4.3. Let £ Cat 2 (Gp) with (j) projective in Cat (Gp). Then 

i) B{dsN(t>) = B<f>. 

ii) For each n > 2 the Segal map 

(dsAf<j)) n ► (dsA/'(/))iX (d;Sj v- 0)o - n -x (dSj v- 0)o (dsA/'(?!))i 

is a weak equivalence in Gp A " . 

Proof. 

i) The classifying space of any bisimplicial group can be obtained by composition 
Gp A2 ° P Gp A ° P — Set A2 ° P Set A ° P -±L Top,, 

where diag are diagonal functors, N is induced by the nerve functor Gp — > Set 
and I • I is the geometric realization. 

Let ip be a bisimplicial group and denote by <5' 1 , , erf , cr" the horizontal and 
vertical face and degeneracy operators. Let U : Gp — ► Set be the forgetful functor. 
Then 

(Ndiag ip) pq = < q ^ 

{U-iIj pp x • • • x Uip pp q > 0. 

The horizontal face and degeneracies in Ndiag ip are induced by those in diag ip, 
while the vertical face and degeneracies in Ndiag ip are the ones given by the nerve 
construction. 
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Let x be another bisimplicial group, with face and degeneracies /U- 1 , /i", u]>, v\. 
Suppose that, for all p > and q > 0, 

Xpq = ^pq 

Si = Hi ■ i>p,q+l ~* ^pq 

Si = Hi ■ i>p+l,q ~> i>pq (4) 
<?i = V i ■ ^P,q %,q+l 
P V i = "i ■ 1pp,q -> i>p+l,q- 

We claim that the bisimplicial sets Ndiag ip and Ndiag \ have the same diagonal. 
In fact, by hypothesis (4) ip nn = Xnn f° r n>l$,o that (Ndiag r/Ooo = {Ndiag x)oo 
and (Ndiag ip) pq = (Ndiag x)pq ior p > 0,q > 0. Further, by hypothesis (4) 
the face and degeneracy operators (diag ip) n +i —> (diag ip) n and (diag ip) n — ► 
(diag tp) n +i coincide with the respective ones for diag x for n > 0. This implies 
that the face and degeneracy operators 

(Ndiag ip) p +i, q -> (Ndiag ip) p . q 

(Ndiag ip) p , q +i -> (Ndiag ip) p . q 

(Ndiag ip) p . q -> (Ndiag ip) p +i, q 

(Ndiag ip) p . q -> (Ndiag ip) p , q +i 

for p > 0, q > coincide with the respective ones for Ndiag \- 

Clearly (diag Ndiag ip)k = (diagNdiag x)k for all k > 0. From above, all 
face and degeneracy maps in positive dimension of diagNdiag tp coincide with the 
respective ones for diagNdiag x- The face maps Uipn — > {•} are unique as {•} 
is the terminal object and the degeneracy maps {•} — > Uipn and {•} — > {/%n 
coincide as they both send {•} to the unit of the group ipu = xn- I n conclusion 
diagNdiag tjj — diagNdiag X- It follows that Bip = Bx- 

Let <f> be a cat 2 -group satisfying the hypothesis of the lemma, Af</> G Gp be 
its multinerve and dsMcj) the discrete multinerve. By definition of dsMfa the two 
bisimplicial groups Af(f> and dsMcj) satisfy hypothesis (4) . It follows from above that 
BAf<p — BdsNfa By definition Bcp = BAffa hence the result, 
ii) We need to show that for n > 2, 

Nerfax Ner(j)Q •"• x Ner(j)Q Nerfa and Ner fax Ner •"• x Ner<t> dNerfa 

are weakly equivalent simplicial groups. 

We proceed by induction on n. Since do,d\ : Nerfa — > Nerfa are fibrations, 
the pullback Ner faxNer<p Ner fa is weakly equivalent to the homotopy pullback 
(see [8]); since every simplicial group is fibrant this is weakly equivalent to the 
homotopy limit of the diagram 

Nerfa d° ► Nerfa - dl Nerfa 
By the homotopy invariance property of homotopy limits (see [8]), since 

Nerfa — ^ Ner $ 

is a weak equivalence, then 

Nerfax Neri p Nerfa and Ner fax Ner ^Ner fa 

are weakly equivalent. 
Inductively suppose 

Nerfax Ner ^ ---x Ner4>0 Nerfa and Ner fax 

are weakly equivalent. 



10 



SIMONA PAOLI 



n+1 

Notice that Ner (pi x N er O ■ ■ ■ x N er ^ Ner (pi is the pullback of the diagram 
Ner (j>iXN er< p a ■"■ XN er< p a Ner (f>i — ► Nercj) <— Ner (pi. As before, this is weakly 
equivalent to the homotopy limit of this diagram; the homotopy invariance property 
of homotopy limits and the induction hypothesis then imply that 

n+1 n+1 

Ner<piX Ner ,p ■■■ x Ner<i)a Ner(j)i and Ner fax Nertj) d ■■■ x Ner(j> d 

Ner fa are weakly equivalent. □ 

Definition 4.4. T/ie category V of internal 2-nerves is the full subcategory of 
bisimplicial groups tp : A 2 ° P — * Gp such that: 

i) Each ip n * : A op — > Gp is the nerve of an object of Cat (Gp). 

ii) ipo* ■ A op — > Gp is constant. 

iii) TTie S'egaZ mops Vn* — ► Vi* x^o* ' ' ' x i>o* V'l* are weafc equivalences of sim- 
plicial groups. 

By Lemma 4.3 ii) the discrete multinerve dsM(p is an internal 2-nerve. We say 
that a morphism / in T> is a weak equivalence if Bf is a weak homotopy equivalence. 
We aim to define a functor, which we call discretization 

disc : Cat 2 (Gp)/ 2?/- . 

Let Cat 2 (Gp) p be the full subcategory of Cat 2 (Gp) whose objects <p are such that 
</>o is projective in Cat (Gp). Let [•] : Cat 2 (Gp) — > Cat 2 (Gp)/ ~ be the localization 
functor. From Lemma 3.1 there is a functor S : Cat 2 (Gp) — > Cat 2 (Gp) p / ~ defined 
on objects by S(Q) = [4>g\ and on morphisms by S(f) = [4>f]- Also, by Lemma 
3.1, S sends weak equivalences to isomorphisms. Therefore S induces a unique 

functor S : Cat 2 (Gp)/ > Cat 2 (Gp) p /~ with S o [■] = S. On the other hand, 

the discrete multinerve defines a functor dsM : Cat 2 (Gp) p — > V. On objects, this 
associates to <p its discrete multinerve dsN4>. Given a morphism in Cat 2 (Gp) p 
F : (p —> <j>' , let dsATF : dsN(p -> dsN(p' be given by (dsAfF) n = F n for n > 1, 
(dsNF)o = Fq, where Fo : 4>t ~ > 08* i s induced by F . Since dt = id, it is easily 
checked that F d — d'F , F a t — t'F ; this implies that F dd l — d'd-Fi, i = 0, 1 and 
F\UQt = a' t'Fo, so that dsNF is a morphism in I?. By Lemma 4.3 i), ds J\f preserves 
weak equivalences, hence it induces a functor ds Af : Cat 2 (Gp) p /^ — > I?/ ~. Define 
disc to be the composite disc = dsM o 5. 

Proposition 4.5. T/iere is a commutative diagram 

Cat 2 (Gp) disc V 





HoiTopW) 

Proof. Given [Q] <G Cat 2 (Gp)/ ~, choose a weak equivalence in Cat 2 (Gp), 

with 0o projective in Cat (Gp). By definition of disc and by Lemma 4.3 i), we have 

B disc [Q] = B[dsN<t>] = [B dsN<p] = [B<f>] = [BQ] = B[Q\. □ 

5. From cat 2 -groups to Tamsamani's weak 3-groupoids. 

In this section we connect cat 2 -groups with a subcategory of Tamsamani's weak 
3-groupoids. 

Definition 5.1. Let H be the subcategory of Tamsamani's weak 3-groupoids ip : 
A 3 °" — > Set satisfying the additional conditions: 
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a) The constant functor tp([0],-, -) : A 2 — ► Set takes values in the one- 
element set. 

b) For each m > 2 the Segal maps ip([m\, -, -) — > -, -) x • • • x ip([l], -, -) 
are bijections. 

Note that objects of TL are not strict 3-groupoids because, in general, tp([m],-,-) 
are weak, not strict, 2-nerves. We say a morphism / : tp — ► ip' in TL is an external 
equivalence if it is an external equivalence in T%. By definition this amounts to 
requiring that ipi** — ► 4>i** is an external equivalence of weak 2-groupoids and that 
T 2 ip — ► T 2 ?/>' is an equivalence of categories. 

Let S be as in Section 2; the following Lemma characterizes external equivalences 
in S. 

Lemma 5.2. 

a) Let f : <f> —> <f>' be a morphism of weak 2-groupoids. Then f is an external 
equivalence if and only if Bf is a weak homotopy equivalence. 

b) Let g : ip — ► ip' be a morphism in S. Then g is an external equivalence if 
and only if Bg is a weak homotopy equivalence. 

Proof. See Appendix. 

Let Hos(H) be the full subcategory of S/^ ext whose objects are in TL. Notice 
that TL/~ ext C Ho s (H). 



Theorem 5.3. There is a functor 

p. Cat 2 (G P ) 

making the following diagram commute 

Cat 2 (Gp) F 



n 



n 





HolyTapf 1 ) 

Further, F induces an equivalence of categories 

Cat 2 (Gp) 



~ Ho s (H). 



Proof. Let N : V — > Set A be induced by the nerve functor Gp 



Set and 



let U : Gp 



Set be the forgetful functor. If Q — {?/>»»} e V then 
[{•} P = 0, 



pgr 



Uipgr X • • • X Ulpgr p > 0. 



We are going to show that N(Q) e TL. We claim that N([l},-,-) = Utp** is a 
weak 2-groupoid. In fact, since ip E T>, for each n > 0, Uip n * is the nerve of a 
groupoid and Uipo* is a constant simplicial set. For n > 2, the map Uip, w — ► 
Uipi-tXuipa, ■ ■ ■ x uipo* Uipu induces isomorphisms for each i > 0, 



TTiBUlpn* = TTiBlp nt = 7^.8(^1* X^ „- 

= TTiBiUipuXu^" -Xu^o.Uipu). 



Hence the groupoids Uipn* and Uipi^Xjj^ - ■ •Xu^ ,Uipu have weakly homotopy 
equivalent classifying spaces. On the other hand, being the underlying simplicial 
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sets of a simplicial group, they are both fibrant and cofibrant. By a general theo- 
rem of model categories [9], they are also simplicially homotopy equivalent, so the 
corresponding categories are equivalent. We also have 

TU Ipn* = U TTolpn* = U 7T (^l* X^ , ■"■ X ^ ^1*) = U (tT ^1* X^ a , ■"■ X.^ , TTo^l*)- 

Hence TUip n * is the underlying simplicial set of the nerve of a Cat (Gp), hence it is 
the nerve of a groupoid. This completes the proof that Utp n * — N([l],-, -) is a weak 
2-groupoid. Since, for p > 2, N(\p},-,-) = N([l],-,-) x P - ■ x N([l},-,-), N(\p},-,-) 
is a weak 2-groupoid for all p and condition b) in the definition of Ti holds. Clearly 
condition a) also holds. 

In order to show that N(Q) G Ti. it remains to check that T 2 N(Q) is a groupoid. 
This follows from the fact that 

T 2 N{g)[p\ = { { ' } p p = ' 

I UttqttqiP x ■ ■ ■ x UttqttqxP p > 0. 

The functor N induces a functor 

N:V/ ► HI ~ ext 

with N[Q] = [N(Q)]. In fact, if / is a weak equivalence in T>, then Nf is a morphism 
in H inducing a weak homotopy equivalence of classifying spaces. Therefore, by 
Lemma 5.2 b), Nf is an external equivalence. 

Define F = N o disc. Let [Q] G Cat 2 (Gp)/~ and choose a weak equivalence of 
cat 2 -groups <j) Q with 0o projective in Cat(Gp) (Proposition 4.2). Then 

BF[Q] = BNdisc[g] = BN[dsN<t>] = [BNds N<t>] = 
= [BdsJV<f>} = [B<f>] = [BQ] =B[Q\. 

This proves the first part of the theorem. 

Let R : rio s (n) Cat 2 (Gp)/- be given by R[\] = VB X where 

« n, frr, (3) x Cat 2 (G P ) 

V : Ho{Topr) y —^- 

is induced by the fundamental cat 2 -group functor V : Top* — > Cat 2 (Gp) (see [4]). 
Let i : H/^ ext Hos(H) be the inclusion. We are going to show that the pair of 
functors (iF, R) is an equivalence of categories. 

Let [Q] G Cat 2 (Gp)/~ and let (f> — > Q be as above. By Lemma 4.3 i), Bcf> = 
BdsMcj) so that 

RiF[Q] =VBiNdisc[g] =VBN[dsAf(f>} = 
[PBNdsAf<t>] = [PBdsAffl = [VB<j>]. 
On the other hand, by [4], [PB(f>] = [</>]; so that, in conclusion, 

RiF[g] = m = \g\. 

Let n 3 : Ho(Topf ] ) -» S be the fund amental groupoid functor from [22]. Recall 
that n 3 sends weak equivalences to external equivalences and, further, for any 
g G S there is an external equivalence g — > n 3 _B^ [22, Proposition 11.4]. 

Let [?/>] G HosH. Since 2?^ ~ BVBtp and there is an external equivalence in <S, 
V> — > n 3 B^ (see [22]), we deduce 

M = [n 3 s^] = [U 3 BVB^] (5) 

in S/^ ext . Choose a weak equivalence in Cat 2 (Gp) <j> — ► T^i?^ w hh <fo projective 
in Cat(Gp). Then 

[n 3 s^] = [naS^BV] (6) 
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in (S/~ e:rt .By Lemma 4.3 i) we have 

[NdsATfl = [U 3 BdsN<t>] = [Il 3 B<j>} (7) 

in S/~ ext . 

In conclusion (5), (6), (7) imply 

[V>] = [NdsM<p] 

in TLos{TL). On the other hand we have 

iFR[i)\ =iF[PBiP] = iNdisc[VBiP] = iN[dsAf<j>] = [NdsAf(f>} 

so that iFR[ip] — [ip]. This completes the proof that (iF,R) is an equivalence of 
categories. □ 
From the previous theorem, we deduce: 

Corollary 5.4. Every object of S is equivalent to an object of H through a zig-zag 
of external equivalences. 

Proof. Given Q e S, by Theorem 5.3, [BVBQ\ = [BFVBQ] in TLo(Top^ y ). 
Therefore by Theorem 2.1 [U 3 BVBG} = [H 3 BFVBQ] in S/~ ext . On the other 
hand, as in the proof of Theorem 5.3, we have, in S/^ ext : 

[U 3 BVBg] = [U 3 BQ] = [G], [U 3 BFVBG] = \FVBQ\. 
Therefore [Q\ = [FVBQ] in S/~ ext , and since FVBQ e H, this proves the result. □ 
Since the subcategory TL of S is strictly contained in S 1 Corollary 5.4 gives a 
refinement of Tamsamani's result (Theorem 2.1) showing that every object of 5, 
representing a connected 3-type, can be "semistrictified" to an object of TL. 

Remark 5.5. Let (72, x) be the category of Tamsamani's weak 2-groupoids equip- 
ped with the cartesian monoidal structure. We observe that TL is isomorphic to a 
full subcategory of the category Mon(T 2 , x) of monoids in (Tj, x). In fact, by 
general theory, using the reduced bar construction, one can show that Mon (T 2 , x) 
is isomorphic to the category of simplicial objects <fi in T 2 such that <j>o is trivial 
and the Segal maps are isomorphisms. On the other hand, by its definition the 
category TL is the full subcategory of simplicial objects <f> in T 2 with 4> trivial and 
Segal maps isomoprhisms such that T<f> is a groupoid. 

6. Another semistrictification of Tamsamani's weak 3-groupoids 

with one object 

In the previous section we showed that every object of S can be "semistrictified" 
to an object of TL having the same homotopy type. The goal of this section is to show 
that we can perform a different semistrictification from S to another subcategory /C 
of S in such a way that the homotopy type is preserved; objects of JC are "semistrict" 
3-groupoids, but the directions in which the Segal maps are isomorphisms rather 
than equivalences are different from the ones for TL. In the next section, both TL 
and K, will be used in establishing the connection with Gray groupoids. 

We start by defining a strictification functor from Tamsamani's weak 2-group- 
oids to Tamsamani's strict 2-groupoids, and by establishing its properties. 

Let Bic : Af 2 — > Bicat and v : 2-gpd — ► T 2 st be as in Section 2. Let Bigpd be the 
category of bigroupoids and their homomorphisms. Then Bic restricts to a functor 
Bic : T 2 — > Bigpd. Let st : Bicat — > 2-cat be the strictification functor described 
in [7] . Then st restricts to a functor st : Bigpd — » 2-gpd. 

Definition 6.1. Let St :T 2 — > T 2 st be the composite functor 

T 2 B -\ c Bigpd 4 2-gpd A T 2 st 



14 



SIMONA PAOLI 



Proposition 6.2. Let cf>i, . . . , <f> n G Tj. 

i) St : T 2 — > 7J* preserves external equivalences. 

ii) There is an external equivalence g : St(<pi x • • • x <^>„) —> Stcpi x ■ ■ ■ x Stcp n 

iii) For eac/i </> G 7^> i/iere is a functorial zig-zag of weak equivalences in T 2 
between cp and St cp. 

Proof. 

i) The functor Bic sends external equivalences to biequi valences; from [7] the latter 
are sent by st to equivalences of 2-catcgories which, in turn, are sent to external 
equivalences by v. Hence the result. 

ii) It is sufficient to prove the statement for n — 2, from which the general case 
follows easily. Since v is an isomorphism and Bic preserves products (this follows 
from the explicit description of Bic given in [12]), it is enough to show that there 
is an equivalence of 2-groupoids 

g : st (Bic(f>i x Bicfo) — > stBiccpi x stBiccp2. 

For any bicategory X, let r\x ■ X — > st X be the biequi valence, natural in X defined 
in [7]. There is a commutative diagram 



Bic<j>\ x Bic<j>2 




Bic6\ *■ stBicdi - — stBicd>i x stBicd>2 — ►■ stBicd>2 ■* Bic 62 

VBia<t >1 Pi P2 nBic<t> 2 

where the map g is uniquely determined by st pr x , st pr 2 (pi,p 2 ,pr 1 , pr 2 are product 
projections). By universality, it follows that 

gn Bic rfiix Bic rf>2 = ( r lBictpn r lBictp2)i 

hence 

Bg BriBic<j> 1 xBic r f>2 = B (n Bic 4>!, VBic 4> 2 )- 

Since BrjBicfaxBicfc and B(r} B i c<j)1 ,r)Bicfa) ar e weak homotopy equivalences, so is 
Bg. But Bg = Bvg, so by Lemma 5.2, vg is an external equivalence, so g is an 
equivalence of 2-groupoids, as required. 

iii) By Theorem 2.2 for each <f> G T 2 there is a map <j> — > N Bic<f>, natural in <j>, which 
is a level wise equivalence of categories, hence in particular it is a weak homotopy 
equivalence. Also, by [7] there is a biequivalence Biccj) —> stBiccj), natural in 0, 
which gives rise to a weak homotopy equivalence N Biccj) — * N stBiccj). Also by 
[12] , for each tp G 2-cat, Bic i/ip = ip and, by Theorem 2.2, we have a weak homotopy 
equivalence Step = v stBiccj) — > N Bicv st Biccp — NstBiccp. In conclusion we 
obtain a functorial zig-zag of weak equivalences 

cp -» N Biccp -> NstBiccp <~ Step 

□ 

Definition 6.3. Let K, be the subcategory of Tamsamani's weak 3-groupoids ip '■ 
A 3 "" — > Set satisfying the additional conditions: 

a) The constant functor ip([0],-, -) : A 2 ° P — > Set tafces values in the one- 
element set. 

b) For eac/i n ^([n], -, -) : A 2 ° P — > Set is an o6jec£ 0/ 72 s *, that is for m > 2 
i/ie 5egaZ maps 

V>([n], [m], -) -» [1], -)xv(W,[o],-)- " x V-([n],[o],-)V'([«], I 1 ]- ") 
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are bijections. 

We say a morphism in KL is an external equivalence if it is an external equivalence 
in T 3 . Let Ho s (K.) be the full subcategory of S/^ ext whose objects are in /C. Notice 
that JC/~ ext C Ho s (lC). 

Theorem 6.4. There is a functor 

si-*^^ 



making the following diagram commute: 

S 'Si JC 




(8) 



HoiTop^) 

Further, F induces an equivalence of categories 

Proof. Given an object V : A 3 ° P Set of S, let Si tp : A 2 ° P -» Set be given by 

[St — Stlpn**. 

We claim that £ Clearly for each n (Sttp) n ** e and (S'if/Oo** = {•}■ 
It remains to check that the Segal maps 

v n : (Stip) n ^ —> (Stip)u* x ■"■ x (Stip)i** 

are external equivalences in 7^ st . Since tp is a weak 3-groupoid, the Segal maps 
S n ■ ip n ** — *■ ^l** x •"• x -01** are external equivalences in T 2 . On the other hand, 
by definition of the map g : St (V"i** x • • • x Vi**) — * Sti[)u* x • • • x Sttpi„ it 
is easily checked that v n — g o StS n . Since, by Proposition 6.2, 5 and St<5 n are 
external equivalences, so is v n . This completes the proof that Sttp G /C. 

If / : ^ — > is an external equivalence in S, by definition f\ : ip\** — > is 
an external equivalence in T2 and T/ : Ti/> — > T</> is an equivalence of categories. 
Hence, by Proposition 6.2, St fi = (Stf )i is an external equivalence and, since 
(Ttp) n = 7r Vw = Tr Stip n **, we have Tip ^ TS^V and similarly T</> ^ T5i0; 
therefore TSt tp is also an equivalence of categories and in conclusion St f is an 
external equivalence. 

Thus Si induces a functor Si : S/~ ext -> K/~ ext . We claim that there is a weak 
homotopy equivalence of classifying spaces 

BSitp ~ S^. (9) 

In fact, by Proposition 6.2 iii), for each n > there is a functorial zig-zag of weak 
equivalences between tp n and Sttp n . In turn this gives rise to a zig-zag of maps 
between tp and Sttp; each of these maps is a weak homotopy equivalence, since it 
is so levelwise. Thus (9) follows. We conclude that [BSiip] = [Btp] in Ho(Topl 3) ), 
showing that (8) commutes. 

Let JC/^ ext ^ HosQC) A 5/~ ex * be inclusions. We claim that the pair of 
functors (iSt,j) is an equivalence of categories between Hos()C) and S/^ ext . In 
fact, let [tp] e S/~ ext . Since [BSitp] = [Btp] in Ho{Top [ P) we have 

[U 3 BSitP] = [Tl 3 Btb] 
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in S/~ ext . On the other hand, by [22], we have 
in S/~ ext . Therefore 

ji3tM = [3tV] = [# 

Finally, let [0] £ Ho s (JC), <j) £ JC. Then 

iStjM=i[St^] = [3*0] = [0]. 
Therefore (i Si ,j) is an equivalence of categories. □ 

7. The comparison with Gray groupoids 

It is well known that Gray groupoids are semi-strict algebraic models of homo- 
topy 3-types; see [10], [13], [1], [11]. Recall that Gray is the category of 2-categories 
with monoidal structure given by the Gray tensor product. A Gray category is a 
category enriched in Gray . A Gray groupoid is a Gray category whose cells of posi- 
tive dimension are invertiblc. Denote by Gray-gpdg the category of Gray groupoids 
with one object. 

In this section we compare our semistrict models of connected 3-types to Gray 
groupoids; given objects of Hos(H) and of Hos{IC), we will associate to them an 
object of Tto(Gray-gpdo) representing the same homotopy type. 

The functor St : S — > JC described in the proof of Theorem 6.4 gives by restriction 
a functor St : H — > JC. Let StH be the full subcategory of JC whose objects have the 
form St<j), 4> £H. Notice that, in general, objects of StH are weak rather than strict 
3-groupoids. In fact, given <j) £H, although the Segal maps 4> n ** ~^ 4>i** x • • • x </>i*„ 
are bijections, the maps St (</>„**) = St x • • • x Stcfri**) — > St (<pu*) x • • • x 
St((^>i**) are merely external equivalences in this follows from the fact that 
the functor st : Bicat — > 2-Cat docs not preserve products strictly but only up to 
equivalences of 2-cat, as easily seen from its definition. 

Lemma 7.1. Every object of JC is equivalent to an object of StH through a zig-zag 
of external equivalences. 

Proof. Let [4>] £ Ho s (JC). By [22], [0] = [U 3 B^] mS/~ ext . Also, [B<f>] = [BVB4>] 
in Ho(Top^), hence by [22] [U 3 B(f>] = [U 3 BVB^>] in S/~ ext . Therefore 

[4>] = [TI3BPB41] (10) 

in S/~ ext . 

By Theorem 5.3, [BFVB(j>] = [BTBcf)} in Ho(Topi 3) ), therefore 

[U 3 BFVB(j)} = [U 3 BVB<t>] (11) 

in S/~ ext . 

By Theorem 6.4, \BFVB<\>\ = [BStFVBcj)] in Ho(Top (3) ), therefore 

[U 3 BFVB(j)} = [U 3 BSiFVBcj)} (12) 

in S/~ ext . By [22] 

[n 3 BSt FVB<j>] = [StFVB<p] (13) 
inS/~ ext . Hence (10), (11), (12), (13) imply 

[<f\ = \SiFVB4>] 

in Ho s {JC). Since S~iFVB(f> £~StH this proves the result. □ 
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Theorem 7.2. There are functors S : Hos(l~t) — > Ho(Gray-gpdo) and T : 
Hos(JC) — > Ho(Gray-gpdo) making the following diagram commute: 

Ho s {H) Ho(Gray-gpd ) Ho s (K) (14) 




Ho{To P r) 

Proof. Let : A 3 ° P — > Set be an object of H. Denote <j> n — 4>n**- By remark 5.5, 
TL is isomorphic to a full subcategory of the category Mon(7~2, x) of monoids in 
(72, x). The monoid corresponding to <fi is (4>i,do2, Co) where c*02 : <f>2 — 4>\ x 4>i ~^ 
4>\ is the face operator induced by [1] — > [2] — > 1 — > 2 and <t : 00 — > 01 is a 
degeneracy operator. 

The functor Bic : T 2 — > Bicat preserves products and the terminal object, hence 
it is a monoidal functor from (72, x) to (Bicat, x). In [7] it is shown that the 
functor st : Bicat — > 2-cat is in fact a monoidal functor st : (Bicat, x ) — ► Gray . 
Denote by r\x,Y ■ st X ® siT — > s((I x 7) the tensor product constraint. It 
follows that the composite functor 

st o Bic : (72, x) — ► Gray 

is monoidal. Therefore, from a general fact, a monoid in (72, x) is sent by st o Bic 
to a monoid in Gray . More precisely, the monoid (<f>i, 802, Co) in (72, x) is sent to 
the monoid (st Bic (pi, n,n) in Gray where 

/1 = (st Bic d 2)(r]Bic 4>!,Bic 4>!) , n = stBica^. 

The category Mon(Gray ) of monoids in Gray is isomorphic to the full subcategory 
of Gray categories consisting of those with just one object. Thus we can view 
(st Bic </>!,[/,, n) as a Gray category with one object and 2-categorical hom-set given 
by st Bic <f>\ ; composition is the 2-functor 

fi : stBiccf>i ® stBic(f>i — > stBicfa. 

It is immediate to see that all cells in positive dimension of this Gray category are 
invertible, so this is in fact a Gray groupoid. We denote this Gray groupoid by Q^. 

We are now going to show that there is a weak homotopy equivalence of classi- 
fying spaces BQ^ ~ Bcf). 

Let W<f, : A op — > 2-gpd be the reduced bar construction for the monoid (st Bic <f>i , /i, 
so that vW<f, : A op — * T 2 st . We observe that there is a map I : vW^ — ► St (f>, where 
l n = id for n = 0, 1 while for n > 1 l n is given by 

(vW^) n = v(stBic<f>\ ® •"• <X) stBicipi) ^3 

vst(Bic<f>\ x ■"■ x Biccj)\) — v stBic((j)\ x ■"■ x 0i) = (St(j>) n . 

We claim that Z induces isomorphisms of homotopy groups iTiBQ^ = iriB<t> for all 
i > 0. In fact in [1, p. 63] the homotopy groups of a Gray groupoid Q (called there 
lax 3-groupoid) with respect to a base point * are described algebraically as follows: 

7Tl(£) = Aut s (*)/ - 

n 2 (g) = Aut (i,)/ ~ 

7T 3 (e) = Autg(llJ 



where the equivalence relation is induced by the cells of the next higher dimension. 
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When Q = Q^, recalling the algebraic expression of the homotopy groups of a 
strict 2-groupoid as in [15], we therefore find: 

Kl{G<t>) = Autg (*)/ ~ = n (stBic(j)i) 

7T 2 (£</,) = Aut^(l*)/ <~ = TT Rom st BiaPt (*,*)= TTl st BlC(j>l (15) 
7I"3(^) = Aut g ^(l U ) = Aut st Bic0i(l*) = 7T2 stBicipi 

By Proposition 6.2, -Ki st Bic4>\ = for all z and, by the proof of Lemma 5.2 
and by Proposition 6.2, iTiSttfi = ^0 = 7Tj_i0i for all i > 0. Therefore from (15) 
the claim follows. 

We conclude that = [B<f>] in Ho(Topi 3) ). Given [0] e Ho s (H), <j> G W, 

define 

- [^]. 

This functor is well defined since if [0] = [</>'] in Hos(Tt), then and 0' are externally 
equivalent, hence -B</> ~ B<j>' so, from above BQ^ ~ BQp, which implies [cy — [^'] 
in H.o(Gray-gpdo) . 

Given [?/>] g Hos(fC), by Lemma 7.1 there is (/> £ H such that [^>] = [St0] in 
Uo s {U). Define 

= T(St0] = [^]. 

This is well defined because if [Si 0] = [Si ft] then B~St(j> = B~St<j>' hence 50 ~ B0' 
so BQcf, ~ B^0', which implies [^] ~ [<?0']. It is immediate that (14) commutes. □ 

Appendix 

Proof of Lemma 5.2 

a) Let / be an external equivalence. The fact that Bf is then a weak homotopy 
equivalence is proved in [22, Proposition 11.2]. Suppose, conversely, that Bf is a 
weak homotopy equivalence. Since <f> is a weak 2-groupoid, iti{4>) is the nerve of a 
group and TT n (<p) — for n > 1, then <f) satisfies the 7r t -Kan condition in the sense 
of [2], for all t > 0. By [2, Theorem B.5] there is a first quadrant spectral sequence 

E s,t = KsTrt<t> => n s+t D 

where D = diagcj). Since each is the nerve of a groupoid, 7Tj <p = for t > 1, so 
that Eg t = unless i = 0, 1. It follows that there is a long exact sequence 

• • • >- Ttp+iD Ep +10 ► E l-i,i ^p d " E p,o 

On the other hand, since is a weak 2-groupoid, for n > 1 

TTO^n* — ""o(01* X0o» ' ' 'X^*^*) — ^O^l* X „■„,£„. • ■ ■X Wo o *7To^l* 
TTl^n* — 7Tl(01*X^o." ' -x 0o* ( / , l*) = TTl^l* X Tl lt • • • X ni< j, 1 ^'Ki<pu . 

It follows that 

E s0 =7r s7To0 = for s > 1 

Eg g =7r s 7Ti0 = for s = and s > 1. 

From the above long exact sequence we deduce 

E o,o = ^o<t> P = 0, 

,. j E i,o = nmod P = h 

E{ fl = TTlWl4> = Wl<j>u P = 2, 

p>2. 



(16) 
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By hypothesis, / induces isomorphisms of homotopy groups iriB(fi = TTiBc/)' , i > 0. 
Since TTiB<p = iti diagcj) from above we obtain isomorphisms 

7r O 7r o =7r 7r 0' 

7ri7r <?!> =7Tl7r 0' (17) 

The first two isomorphisms in (17) show that the map Tf : 7To0 — > 7To0' is a 
weak homotopy equivalence. On the other hand, since 7To0 and 7To0' are nerves of 
groupoids, they are fibrant simplicial sets. Since every simplicial set is cofibrant, 
Tf is a weak homotopy equivalence between fibrant and cofibrant simplicial sets, 
Thus, by a general result on model categories [9], Tf is a simplicial homotopy 
equivalence. Hence Tf corresponds to an equivalence of categories. 

In order to show that / is an external equivalence of weak 2-groupoids it remains 
to check that, for all x, y £ 0o* the map 

f(x,y) ■ <t>(x,y) <P'(fx,fy) 

is an equivalence of categories. Since 0i* is a groupoid, its first homotopy group 
is isomorphic to the endomorphism group of any identity arrow, that is, for any 

z e 0io 

7T101* = Hom^ lt (z,z). 
Further, as 0io is a groupoid for any z, z' £ 0io there are isomorphisms 

Hom^ (z, z) = Hom^ (z, z'), 

and similarly for <j)' lsf . 

Hence by the third isomorphism in (17) we deduce that for each z, z' £ 0io 

Hom 01t (z, z') S Hom 0L (fz, fz 1 ). (18) 

On the other hand recall that 

\\ <t>{x,y) = 01*, ]J <t>(x>,y') =<t > U- 

x,ye<t>o* x',y'e<t>' a . 

Taking z, z' such that d^z = x = 8qz' and d\z = y = d\z' we see that (18) restricts 
to an isomorphism 

H ° m 0(,, y) ( Z > Z ') ~ ROm <t>' (f x, fy) tf Z > 

showing that f( x , y ) is full and faithful. 

Finally let z £ 4>'^ x ^ (0) . Then fx and fy are in the same isomorphism class 
of objects of the category 7r o 0'. Since by (17) 7ro7r o = 7ro7r o 0', there exists w £ 
4>(x, v ){fy and an isomorphism f( x . v ){w) — > z. This shows that f( x ,y) is essentially 
surjective on objects. Hence f( x , v ) is an equivalence of categories. 

b) The fact that Bg is a weak homotopy equivalence when g is an external 
equivalence is proved in [22, Proposition 11.2]. Suppose, conversely, that Bg is a 
weak homotopy equivalence. Consider the bisimplicial sets an d 0' defined by 

4> np = (diagip n ^) p 0' np = (diag ip' n ^) p . 

For each n > 1 the Segal maps S n : ip n ** - ► ^l** X'—xV'i** induce maps of simplicial 
sets S n : 0„** — > 0i* x x 0i*. Since e <S, <5„ is an external equivalence of weak 
2-groupoids, hence B5 n is a weak homotopy equivalence. Since Bip nrr ~ £?0„*, 
B(5 n is also a weak homotopy equivalence. Therefore, for each i > 

JO n = 0, 

[7Ti0l* X • • • X 7Tj01* n > 0. 
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Thus 7Ti0i* is the nerve of a group, so it is fibrant. Hence the bisimplicial set 
satisfies the 7r*-Kan condition. By [2] there is a spectral sequence 

E s,t = n s TT t <p => n s+t (diag<ft). 



We have 



It follows that 



Similarly we have 



■K s lTt<t> — 




7r„ diag < 



TT n diag (ft 1 



s = 0, s > 1, 
s = 1. 



n = 0, 

El,n-1 = n > 0. 

fo n = 0, 

I ^l 2 „-l = TTn-l^'l* n > 0. 



J l,n- 

By hypothesis, 5 induces isomorphisms of homotopy groups WiBift = TTiBtft' for all i. 
Since TTiBip = HiBcft = 7^ diag (ft and similarly for tp', from above we deduce iti4>i* = 
and therefore iTiBifti** — TTj-BV'i** for all i. Hence the map t/| : -01** — > ^1** 
of weak 2-groupoids is a weak homotopy equivalence. By a), it is also an external 
equivalence of weak 2-groupoids. 

To conclude the proof that g is an external equivalence of weak 3-groupoids, it 
remains to show that T 2 g is an equivalence of categories. We have 

/{•} P = 0, 

[7r 7r ?Ai** x • • • x iro^Qipi** P > 0. 

and similarly for -0'. 

Since g\ : — * V'i** is an external equivalence of weak 3-groupoids, n g\ is 
an equivalence of categories, therefore 7r 7roV'i** = 7ro7r V , 'i M - So T5 is in fact an 
isomorphism, hence in particular an equivalence of the corresponding categories. □ 
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